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We rewrite N = 2 quantum super W3 algebra, a nonlinear extended N = 2
super Virasoro algebra, containing one additional primary superfield of dimension 2
which has no U(1) charge, besides the super stress energy tensor of dimension 1 in
N = 2 superspace. The free superfield realization of this algebra is obtained by two
N = 2 chiral fermionic superfields of dimension 1/2 satisfying N = 2 complex U(1)
Kac-Moody algebras.
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Recently, Bershadsky, Lerche, Nemeschansky and Warner [1] have constructed
that the BRST currents for a non-critical W3 string, minimal W -matter model
coupled to W3-gravity, satisfy N = 2 super W3 algebra [2, 3] and the general BRST
currents for non-critical W
n
-strings can be obtained by hamiltonian reduction [4] of
the affine super Lie algebra SL(n|n− 1).
Using the Polyakov’s soldering procedure [5] based on SL(3|2), the ’classical’
N = 2 super W3 algebra [6] in component formalism has been studied explicitly.
The other types of classical N = 2 super W3 algebra have been found in many
literatures [7, 3, 12]. Ivanov and Krivonos [8] have presented this ’classical’ N = 2
super W3 algebra [6] in N = 2 superspace in terms of two supercurrents, found
its Feigin-Fuchs type representations by investigating two chiral U(1) Kac-Moody
supercurrents, and obtained N = 2 super Boussinesq equations.
Romans has determined the full structure of N = 2 quantum superW3 algebra[2]
in component formalism by requiring Jacobi identities for various (anti-) commu-
tators.(See also [9]). Other type of N = 2 quantum super W3 algebra by one
additional primary superfield of dimension 3/2, having non-vanishing U(1) charge,
and its charge conjugate has been constructed [10]. And in [11] all N = 2 quantum
super W3 algebras up to dimension 5/2 of the additional generator have been dis-
cussed. Very Recently [13], the free field realization [14] of N = 2 quantum superW3
algebra was obtained from the N = 1 super Miura transformation [12] associated
with SL(3|2), in component formalism and found that the results are consistent
with those [2].
In this paper, we present N = 2 quantum super W3 algebra [2] in N = 2 super-
space and construct explicitly two supercurrents in terms of two chiral superfields of
dimension 1/2 and finally the free superfield realization of this algebra is obtained
by chiral superfields of dimension 0.
The N = 2 superconformal algebra [15, 16, 17] is generated by the N = 2 super
stress energy tensor T (Z) of dimension 1 written as
T (Z) = −J(z) + i√
2
[θG−(z) + θ¯G+(z)]− θθ¯T (z). (1)
We follow the conventions of ref. [16, 10]. Z = (z, θ, θ¯) is a complex supercoordinate,
J(z) is a U(1) current of dimension 1, G+(z) and G−(z) are fermionic currents of
dimension 3/2 and T (z) is the stress energy tensor of dimension 2 [2].
The N = 2 superconformal algebra is represented by the operator product ex-
2
pansion ( OPE ),
T (Z1)T (Z2) = 1
z212
c
3
−
[
θ12θ¯12
z212
+
θ12
z12
D − θ¯12
z12
D +
θ12θ¯12
z12
∂
]
T (Z2) (2)
where c is the central charge and
θ12 = θ1 − θ2, θ¯12 = θ¯1 − θ¯2, z12 = z1 − z2 − 1
2
(θ1θ¯2 + θ¯1θ2). (3)
We work with complex spinor covariant derivatives
D =
∂
∂θ
+
1
2
θ¯∂, D =
∂
∂θ¯
+
1
2
θ∂
(4)
satisfying the algebra
{D,D} = ∂ (= ∂
z
), (5)
all other anticommutators vanish.
Let us now consider the superalgebra that is obtained by adding a primary
supercurrent W(Z) of dimension 2 to the superconformal algebra. We write
W(Z) = V (z)− i√
2
[θU−(z) + θ¯U+(z)] + θθ¯W (z), (6)
where V (z), U+(z), U−(z), and W (z) are primary fields of dimension 2, 5/2, 5/2,
and 3 respectively. The fact that W(Z) is a primary superfield of dimension 2 is
expressed by the OPE
T (Z1)W(Z2) = −
[
θ12θ¯12
z212
2 +
θ12
z12
D − θ¯12
z12
D +
θ12θ¯12
z12
∂
]
W(Z2). (7)
As a next step we consider the OPE W(Z1)W(Z2) which can be reexpressed in
N = 2 superspace completely. The following result corrects some misprints in the
expressions given in the ref. [2].
W(Z1)W(Z2) = 1
z124
c
2
− θ12θ¯12
z124
3T (Z2)− θ12
z123
3DT (Z2)
+
θ¯12
z123
3DT (Z2)− θ12θ¯12
z123
3∂T (Z2)
+
1
z122
[
2κW − 3
(c− 1)T T +
c
(c− 1)[D,D]T
]
(Z2)
3
+
θ12
z122
[
κDW − 3
(c− 1)T DT −
(2c− 3)
(c− 1) ∂DT
]
(Z2)
+
θ¯12
z122
[
κDW − 3
(c− 1)T DT +
(2c− 3)
(c− 1) ∂DT
]
(Z2)
+
θ12θ¯12
z122
[
−3
4
γ(4c3 − 11c2 + 6c+ 36)∂DDT
−3
2
γ(8c2 − 9c+ 36)T [D,D]T + 9γc(5c− 12)DT DT
+9γ(4c+ 3)T T T − 3κ(c− 8)
2(5c− 12)[D,D]W
− 42κ
(5c− 12)T W −
3
4
γ(4c3 + 19c2 − 66c+ 36)∂DDT
]
(Z2)
+
θ12
z12
[
γ(−3
2
c3 − 3c2 + 45c− 81
2
)∂2DT − 3γ(c2 + 24c− 18)T ∂DT
+9γ(c2 + 2c− 3)DT DDT − 9γ(2c2 − 5c+ 3)DT DDT
+9γ(4c+ 3)T T DT + 3κ(c− 1)(c− 6)
(c + 3)(5c− 12)∂DW
− 54κ(c− 1)
(c+ 3)(5c− 12)DT W +
6κ(c− 15)
(c+ 3)(5c− 12)T DW
]
(Z2)
+
θ¯12
z12
[
γ(
3
2
c3 + 3c2 − 45c+ 81
2
)∂2DT − 3γ(c2 + 24c− 18)T ∂DT
+9γ(c2 + 2c− 3)DT DDT − 9γ(2c2 − 5c+ 3)DT DDT
−9γ(4c+ 3)T T DT + 3κ(c− 1)(c− 6)
(c + 3)(5c− 12)∂DW
+
54κ(c− 1)
(c+ 3)(5c− 12)DT W −
6κ(c− 15)
(c+ 3)(5c− 12)T DW
]
(Z2)
+
θ12θ¯12
z12
[
1
2
γ(−2c3 + 16c2 − 3c− 18)∂3T
+6γc(5c− 12)DT ∂DT − 6γc(5c− 12)DT ∂DT
−3γc(4c+ 3)DDT DDT + 3γc(4c+ 3)DDT DDT
+18γ(4c+ 3)T T ∂T − κc(c− 15)
(c+ 3)(5c− 12)∂[D,D]W
4
− 18κ(c+ 6)
(c+ 3)(5c− 12)T ∂W +
6κ
(c+ 3)
DT DW + 6κ
(c + 3)
DT DW
− 12κ(4c+ 3)
(c+ 3)(5c− 12)∂T W − 6γ(c
2 − 3c+ 9)T ∂[D,D]T
]
(Z2)
+
1
z12
[
κ∂W − 3
(c− 1)T ∂T +
c
2(c− 1)∂[D,D]T
]
(Z2) (8)
where§¶ γ and κ are given by [2]
γ =
1
(c− 1)(c+ 6)(2c− 3) , κ =
(c+ 3)(5c− 12)√
2(c+ 6)(c− 1)(2c− 3)(15− c)
(9)
Thus we have rewritten N = 2 quantum super W3 algebra, eqs. (2), (7) and
(8), for generic value of c in N = 2 superspace. It is obvious that there exist a null
superfield Ω(Z) for c = 12/5 [2] which is contained in the discrete series of N = 2
super Virasoro algebra [17, 16],
Ω(Z) = T W(Z)− 1
5
[D,D]W(Z) (10)
In fact, we can easily see that the descendant superfields of Ω(DΩ, DΩ, and ∂Ω)
appear in the above OPE for this c = 12/5. It would be interesting to investigate
how the N = 1 super W3 algebra [18] can be embedded in the N = 2 quantum super
W3 algebra and examine the algebra of twisted currents.
Our analysis at the quantum level is similar to the one presented at the classical
level in [8]. N = 2 quantum super W3 algebra can be realized by two N = 2 chiral
fermionic superfields χ(Z), ξ(Z) of dimension 1/2 respectively,
Dχ = 0 = Dχ, Dξ¯ = 0 = Dξ. (11)
The defining OPE’s are given by
χ(Z1)χ(Z2) = − 1
z12
+
θ12θ¯12
z212
1
2
, ξ(Z1)ξ¯(Z2) = − 1
z12
+
θ12θ¯12
z212
1
2
(12)
The N = 2 super stress energy tensor can be obtained by having linear terms
[21, 8]
T (Z) =

χχ+ ξξ¯ +
√
c− 6
6
Dχ−
√
c− 6
6
Dχ

 (Z) (13)
§Multiple composite superfields are regularized from the left to the right.
¶Normal ordered superfield product can be defined as [19].
5
which satisfies the OPE (2). In order to extend the Feigin-Fuchs construction to the
higher dimension supercurrent W(Z) we proceed as follows [8],
W(Z) =
[
c1∂Dξ + c2∂Dξ¯ + c3∂ξχ + c4∂ξξ¯ + c5∂ξ¯ξ + c6∂ξ¯χ+ c7∂χχ
+c8∂χξ + c9ξξ¯χχ+ c10DξDχ+ c11DξDχ + c12DξDξ + c13DξDξ¯
+c14Dξ¯Dχ+ c15Dξ¯Dχ+ c16Dξ¯Dξ¯ + c17Dξξχ+ c18Dξξ¯χ+ c19Dξχχ
+c20Dξξξ¯ + c21Dχξχ+ c22Dχξ¯χ + c23Dχξξ¯ + c24Dξ¯ξχ+ c25Dξ¯ξ¯χ
+c26Dξ¯χχ + c27Dξ¯ξξ¯ + c28Dχξχ+ c29Dχξ¯χ+ c30Dχξξ¯ + d1∂χξ¯
+d2∂χχ+ d3∂Dχ + d4∂Dχ+ d5Dχχχ+ d6Dχχχ + d7DχDχ
+d8DχDχ+ d9DχDχ
]
(Z) (14)
which has no U(1) charge and the coefficients c1−30 and d1−9 should be determined.
The above unknown 39 coefficients reduce to the unknown 9 coefficients after
imposing that W(Z) should be a primary superfield (eq. (7)). Finally all the
coefficients can be expressed in terms of d1 or c after we make the OPE calculations
of W(Z1)W(Z2) (eq. (8)) which is very complicated, explicitly :
c1 = − κ
2(c− 6) 52 (c− 1)2√
6(c+ 3)2(5c− 12)2d1
, c2 =
√
c− 6
6
d1, c3 = −
√
24
c− 6c1
c4 = − κ(c
2 + c+ 12)
(c+ 3)(5c− 12) , c5 = c4, c6 = −2d1
c7 = − 2κ(4c+ 3)
(c+ 3)(5c− 12) , c8 =
√
6
c− 6c1, c9 = −
6κ
(c+ 3)
c10 =
√
6
c− 6c1, c11 =
√
6
c− 6c1, c12 =
κ3(c− 6)3(c− 1)3
(c+ 3)3(5c− 12)3d21
c13 = −κ(3c
2 − 29c+ 12)
(c+ 3)(5c− 12) , c14 = d1, c15 = d1
c16 =
(c+ 3)(5c− 12)d21
κ(c− 6)(c− 1) , c17 = −
√
24
c− 6c12, c18 =
κ
√
96(c− 6)(c− 1)
(c+ 3)(5c− 12)
c19 = − 6
c− 6c1, c20 =
6
c− 6c1, c21 = −
6
c− 6c1
6
c22 = −
√
24
c− 6d1, c23 =
κ
√
6(c− 6)(c− 8)
(c+ 3)(5c− 12) , c24 = c18
c25 = −
√
24
c− 6c16, c26 =
√
6
c− 6d1, c27 = −
√
6
c− 6d1
c28 = − 12
c− 6c1, c29 = −
√
6
c− 6d1, c30 = −c23
d2 = c7, d3 = −
√
c− 6
24
c7, d4 = −
√
c− 6
24
c7
d5 = −
7κ
√
6(c− 6)
(c+ 3)(5c− 12) , d6 = −d5, d7 = −
√
c− 6
24
d5
d8 =
κ(c+ 48)
(c+ 3)(5c− 12) , d9 = −
√
c− 6
24
d5. (15)
It is worth noting that the difference between the above results and those [8] is the
appearance of
c7, d2, d3, d4, d5, d6, d7, d8 and d9 (16)
terms which vanish in the limit c → ∞. To get the free superfield realization, we
introduce the following representation :
χ = DΛ¯, χ = DΛ,
ξ
d1
= DΦ¯, d1ξ¯ = DΦ (17)
where Λ,Φ are the free chiral N = 2 superfields of dimension 0.
DΛ¯ = DΛ = 0, DΦ¯ = DΦ = 0
Λ(Z1)Λ¯(Z2) = − ln z12 − θ12θ¯12
z12
1
2
, Φ(Z1)Φ¯(Z2) = − ln z12 − θ12θ¯12
z12
1
2
(18)
Therefore, we have the free field realization for supercurrents, eqs. (13), (14) with
eq. (17).
The results obtained can be summarized as follows. We presented N = 2 mani-
festly supersymmetric quantumW3 algebra, obtained two supercurrentsT (Z),W(Z)
in terms of chiral superfields χ(Z), ξ(Z) and this algebra was realized by free chiral
superfields Λ(Z),Φ(Z).
It would be interesting to study, at the quantum level, for higher super extension
ofW3 algebra [20], for example, the classicalN = 4 superW3 algebra [22] constructed
7
by the dual formalism. It is an open problem how to construct the degenerate
representation theory [14] (Vertex operators and Verma module ) from the above
explicit form of free superfield realization and interprete the relations between our
results and those given in [13].
I would like to thank M. Rocek for encouragement. This work was supported in
part by grant NSF PHY 9211367.
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